PAI SO TUYEN TINH
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GIOI THIEU MON HOC

1. Noi dung mén hoc gom 5 chwong:

> Chuong 1: Tap hop — Logic — Anh xa — S6 phtrc — Cau tric dai s6
» Chuong 2: Ma tran — DPinh thirc — HE phuong trinh

» Chuong 3: Khong gian vecto

> Chuong 4: Anh xa tuyén tinh

> Chuong 5: Dang toan phuong, dang song tuyén tinh. Khéng gian
Euclde

*Nhom nganh hai dugc giam tai phan: Logic, Cau tric dai s0, Dang
toan phuong, dang song tuyén tinh

’ ?
DAI CUTNG MON PHAI
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GIOI THIEU MON HOC

2. Hinh thire thi:
> Gitra ky: 60 phut, dé chung, 8-10 cau, ndi dung: Chuong 1,2.

> Cudi ky: 90 phut, dé chung, 6-8 cau, noi dung: Toan bo chuong
trinh
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GIOI THIEU MON HOC

3. Tai liéu tham khso:

> Bai giang Pai so6 tuyén tinh — théy Bui Xuan Diéu

> Sach Toan Cao Cap, Tap 1: Dai s6 va hinh hoc giai tich, thay
Nguyén Binh Tri (chi bién), thay Nguyen Xuan Thao,.

> Bal tap Toan Cao Cap, Tap 1: Dai s6 va hinh hoc giai tich, thay
Nguyén Binh Tri (chu bién), thay Nguyén Xuan Thao, .

> Sach “Gilp on tap_ t6t Toan Cao Cap: Pai sb tuyén tinh”, thay
Téng Pinh Quy, thay Nguyén Canh Luong.

> Bai tap D¢ cuong Vién Toan.
> B dé thi gitra ky, cudi ky cac nam Truong PH Bach Khoa Ha Noi
(C6 thé mua & quan photo hodc tim ban mém trén cac nhom hoc tap)

IS 4
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GIOI THIEU MON 3. Tai liéu tham khao:
HOC

TRUBNG DBAI HOC BACH KHOA HA NOI
VIEN TOAN UNG DUNG & TIN HOC

TOAN HOC
CAO CAP

BUI XUAN DIEU

Bai Giang

DailsopvaVHinhihocigiaittichy

PAI 8O TUYEN TINH
(lwu hanh néi bo)

TAP HOP - LOGIC - ANH XA - 86 PHUC, MA TRAN - PINH THUC - HE
UONG TRINH, KHONG GIAN VECTO, ANH XA TUYEN TINH, DANG TOA
PHUONG - KHONG G1aN EUCLIDE

Tém tt Iy thuyét, Cdc vi du, Bai tap va Ibi giai

Ha Néi- 2009
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GIOI THIEU MON HOC

4. Phwong phap hoc:

»Chia nho thanh cac dang bai tap cu thé.

»Ghi nhd céc thuat todn, phuong phap bién do6i
»Cham chi 1am bai tap dé ghi nhé cac dang bai.

e
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THOI GIAN HOC

>Gitra ky

Tuhoc | Budi 1+2 ‘ Budi 3 Buoi 4+5 Buoi 6
Taphop | Anhxa | Matran | Binh Hang Hé S6 phite | Cau tric
Logic thirc cua ma | phuong dai s6

tran trinh

IS 4

DAI CUONG MON PHA Pham Thanh Tung-3I-SEE 7



THOI GIAN HOC

> Cuoi ky
Buoi 1+2 ‘ Bu6i3 | Budi4d+h Buobi 6
Khong gian | Anhxatuyén | Dangsong | On tap, luyén
vecto tinh tuyen tinh, de, giai dap

dang toan thac mac
phuong.

Khong gian
Euclide

IS 4
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BAI CUONG MON PHAI

§1: ANH XA

> Dinh nghia:

»Tap anh, tap nghich anh
»Don anh, toan anh, song anh
» Cac dang bai tap (6 dang)



|. Dinh nghia:

* Cho hai tap hop E,F # @ va mot phep bién d6i f. Khi do f duoc
goi la anh xa néu m01 phan tr x € E thdng qua phép bién doi f tao
ra duy nhat mét phan tir y € F. Ky hiéu y = f(x).

Ky hiéu anh xa:

fiE—F
x—y=f(x)
Trong do: E 14 tap nguon.
F la tap dich.
x la nghich anh (hoac tao anh).
y la anh.

CUONG MON PHA Pham Thanh Tung-3I-SEE 10



Cac vi du:

Vi du 1: Cho phép bién doi sau:
f:Nguwoi — Nguoi
B6 — Con

Hoi phép bién doi f c6 1a mot anh xa khong?

1 Bd ¢ thé ¢
bao nhiéu con?

Tra loi:
Khong.

Vi mdi mot B6 thude tap Ngudi c6 thé ¢b 1 hodc nhiéu Con thudc tap
Nguo.

“*Vay néu nguoc lai
f:Nguoi — Nguoi
Con — B0 nuoi

Co la mét anh xa khéng?

IS 4
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Cac vi du:

Vi du 2: Cho phép bién doi sau:
f:Dbia phwong — Dia phuong
Xa — Huyén

Hoi phép bién doi f c6 1a mot anh xa khong?

1 X& c6 thé c6
thé thudc may
Tra 10i: Huyen
Co.

Vi mdi mot XA chi ¢o thé thudc mot Huyén

% Vay néu nguoc lai
f:bia phwong — Dia phuong
Huyén — Xa

Co la mét anh xa khéng?

IS 4
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Cac vi du:

e

Vi du 3: Cho phép bién doi f dugc md ta nhu sau:

E — F
X1

\ —> W1
Xy —

/ Y2
X3 —

Hoi phép bién doi f c6 1a mot anh xa khong?

Tra loi:
Co.

X

DAI CUONG MON PHAI

Pham Thanh Tung-3I-SEE
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Cac vi du:

Vi du 4: Cho phép bién d6i f dugc md ta nhu sau:

E —> F
X1
\ — V1
Xy —
—> Y2
X3
Y3
Hoi phép bién doi f c6 1a mot anh xa khong?
Tra loi:
Khong.

IS 4
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Cac vi du:

Vi du 5: Cho phép bién d6i f dugc md ta nhu sau:

E F
X1
\ — V1
Xy —
— V2
X3

Hoi phép bién doi f c6 1a mot anh xa khong?

Tra loi:
Khong.

IS 4

DAI CUONG MON PHAI

Pham Thanh Tung-3I-SEE
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Cac vi du:

e

Vi du 6: Cho phép bién doi f dugc md ta nhu sau:

E

—>

F

— V1

— V>

—Y3

V4

Hoi phép bién doi f c6 1a mot anh xa khong?

Tra loi:
Co.

X

DAI CUONG MON PHAI

Pham Thanh Tung-3I-SEE
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Cac vi du:

Vi du 7: Cho phép bién d6i f dugc md ta nhu sau:

E — F
% — Y1
)
/y3
/
X3
Hoi phép bién doi f c6 1a mot anh xa khong?
Tra loi:
Co.

IS 4
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Cac vi du:

Vi du 8: Cho phép bién d6i f dugc md ta nhu sau:
f:R—R
x—y=fx)=x+1

Hoi phép bién doi f c6 1a mot anh xa khong?

Tra loi:

Co.

Vivoimdéimotx € R déuchoramoty = f(x) =x+ 1 €R

X —00 + oo

y = f(x) /+w

— Q0

R

DAI CUONG MON PHA Pham Thanh Tung-3I-SEE 18



Cac vi du:

Vi du 9: Cho phép bién doi f duge md ta nhu sau:

f:R—R .
x—y=fx)= —1
Hoi phép bién doi f c6 1a mot anh xa khong?
Tra loi:
Khong.

Vivéix = 1 € R thi y = - khong xac dinh (gian doan).

R

DAI CUONG MON PHA Pham Thanh Tung-3I-SEE 19



[I. Tap anh va tap nghich anh:

Choanhxa f:E — F.GiastAcC E,BCF
1. Tap anh ctua A qua anh xa f ky hiéu:

flA) =ty =f(x) EFlx € A}

V3 ..

:yl

Pham Thanh Tung-3I-SEE
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[I. Tap anh va tap nghich anh:

Choanhxa f:E — F.GiastAcC E,BCF
2. Tap nghich cua B qua anh xa f ky hiéu:

DAI CUONG MON PHAI

f~'(B) ={x € E|f(x) € B}

Y3 ..

—
»

>y, |B

Y2

Pham Thanh Tung-3I-SEE
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Dang bai tap 1: Tim tap anh

> Bai toan:

Choanhxa f:E — F vatipA Cc E (A = @)
x—y=f(x)

Tim tap anh f(A) cua A quaanh xa f ?

» Phuwong phap gidi:

Ap dung

flA) =ty =f(x) EF|x € A}

Van dung cac kién thie ve tinh toan da thie, khdo sat ham so dé tim
ra cac phan tir trong tap hop f(A).

’ ?
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Cac vi du:

Vidul:Chodnhxa f:R > R, f(x) =x*+3x —4vaAd ={-6;0}
Tim tap anh f(A4) ?

Giai.

Tap anh f(A) = {y = f(x) € R|x € 4}

S f(A) ={f(x) =x*+3x—4 € R|x € {—6;0}}

Véix =—6= f(x) =14 € R

Véix=0=> f(x) = —4 €R

Vay f(A) = {—4; 14}.

’ ?
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Cac vi du:

Vidu2:Choanhxa f:R - R, f(x) =x%—2xvaA =]0;3].
Tim tap anh f(A4) ?

Gidai.

Tap anh f(A) = {y = f(x) € R|x € A}

< f(4) = {f(x) = x* — 2x € R|x € [0; 3]}

Khao sat ham s6 f(x) = x? — 2x véi x € [0; 3]
ffx)=2x—-2=>f'(x)=0x=1

X 0 1 3
f'(x) — 0 +
f(x) 3

Vay f(A) = [-1; 3]

’ ?
DAI CUTNG MON PHAI

Pham Thanh Tung-3I-SEE 24



Cac vi du:

Vidu3:Chodnhxaf:R > R% f(x) = (x+1;x% +2x + 3) va

A = [0;1]. Tim tap anh £(4) ?

Giai:

Tap anh f(4A) = {y = (x + 1;x% + 2x + 3) € R?|x € [0; 1]}

+V6ix €[0;1] =2x+1€[1;2]

+ Khao sat ham sb g(x) = x? + 2x + 3 v6i x € [0;1]
gx)=2x+2=>9g'x)=0=x=-1

X —1 0 1
g'(x) 0 +
g(x) 6

Vay f(4) = [1; 2] x [3; 6]

’ ?
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Cac vi du:

Vidu 4: Choanh xa f: R? > R?, f(x,y) = (4x; 5y) .Tim tip anh
f(A) voiA = {(x,y) € R?|x*> +y? =9}

Giai:
Tap anh f(A) = {f(x,y) = (4x;5y) € R?|x? + y? = 9}
Do f(x,y) € R* néntadit f(x,y) = (a, b) véia,b €R

a
f(x,y) =(a,b) © (4x,5y) = (a,b) & | g
5

\

a\ > b\’
x2+y2=9<:>(z) +(§> =9 & 25a” + 16b% = 3600

Vay f(4) = {(a; b) € R?|25a? + 16b2 = 3600}

’ ?
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Cac vi du:

Vi du 5: (Pé giira ky 20191) Cho anh xa
fiRE> R, f(x,y) =x*+y*—2x—4y—3
vaA =10;2] x [-1;1].Tim f(A4).

Giai:

fA) ={f(x,y) =x*+y*—2x -4y - 3|(x,y) € [0;2] x [-1; 1]}
bit g(x) = x? —2x —3vah(y) = y? — 4y
= f(x,y) =g+ h(y)

ﬁ?
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Cac vi du:

Vi du 5: (Pé giira ky 20191) Cho anh xa

fiRE> R, f(x,y) =x*+y*—2x—4y—3
vaA =10;2] x [-1;1].Tim f(A4).
Giai: (Tiép) g(x) = x? — 2x — 3

X —00 0 1 2 + oo
g'(x) — i 0 : +
g0 |~ : : o0
: /
_3 .
_4_ 3

’ ?
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Cac vi du:

Vi du 5: (Pé giira ky 20191) Cho anh xa

fiRE> R, f(x,y) =x*+y*—2x—4y—3
vaA =10;2] x [-1;1].Tim f(A4).
Giai: (Tiép) h(y) = y? — 4y

y |—oo —1 1 2 + o0
h'(y) J:_ : 0 +
hG) —N T
|

’ ?
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Cac vi du:

Vi du 5: (Pé giira ky 20191) Cho anh xa

fiRE> R, f(x,y) =x*+y*—2x—4y—3
vaA =10;2] x [-1;1].Tim f(A4).
Giai: (Tiép)

o0 | foy) =maxg(x) + max h(y) = —3+5=2

[O;ng%n flxy) = r{)llzr]lg(x) + mln h(y) —4—3=—7

Vay f(A) = [-7;2].

ﬁ?
DAI CUONG MON PHA Pham Thanh Tung-3I-SEE 30



Mt so dé thi gan day:

1. (Pé giira ky 20191) Choanhxa f:R - R, f(x) = x?> — 3x va
tap A = {x € R| 3= 2 0}. Xéc dinh £ (A)
2. (Dé giira ky 20191) Cho anh xa
fiRE> R, f(x,y) =x*+y*—2x—4y—3
vaA =10;2] x [-1;1].Tim f(A4).

3. (Pé giira ky 20181) Xét anh xa f: R = R? xac dinh boi
flx,y) =(x+2y,2x—y)vaA ={(x,y) € R?|x* + y* = 4}.
Xac dinh f(4).

4. (Pé giira ky 20201 — Viét Nhat) Cho anh xa
fiRE>R,f(x,y)=x*+y?—-2x+1
va A =[-1,1] x [0,2]. Tim f(A4)

DAI CUTNG MON PHAI
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Dang bai tap 2: Tim tap nghich anh

> Bai toan:

Choanhxa f:E — F vatip B c F (B # 0)
x—y = f(x)

Tim tap nghich anh f~1(B) cua B qua anh xa f ?

» Phuwong phap gidi:

Ap dung

f~'(B) = {x € E|f(x) € B}

Van dung céc kién thire vé giai phuong trinh, h¢ phuong trinh, bat
phuong trinh, hé bat phuong trinh dé tim ra cac phan ti cia f~1(B).

’ ?
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Cac vi du:

Vidul:Choadnhxaf:R - R, f(x) =x%+1.Timtap f~1({1;2]).
Giai.
Tap nghich anh f~*({1; 2}) = {x € R|f (x) € {1; 2}}

+fx)=1eox*+1=1<x=0€R
+tfx)=2ex*+1=2ox=+1€R

Vay f71({1;2}) = {-1;0; 1}

Pham Thanh Tung-3I-SEE 33



Cac vi du:

Vidy 2: Cho anh xa f: R\{1} > R, f (x) = 2= Tim f~((~1;0)).
Giai.

Tap nghich anh f~1((=1;0)) = {x € R\{1} | ];(x) € (—1;0)}
+1>0

x—1
1<0<:>< Y — 3

fF(x)e(-1;0) o —-1<

X — 3
x_

<0

( x> 2
& < yr<]1] ©2<x<3

1 <x<3
Vay f71((—1;0)) = (2;3)

’ ?
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Cac vi du:

Vidu 3: Choanhxa f:R — R?, f(x) = (2x + 1; 2x?% + x).
Tim f~1(4) v6i A = [0;3) X (—o0; 1]
Giai:
Tap nghich anh
LA ={xeR|2x+1;2x*+x) € [9 3) X (—o0; 1]}

2x + 1 € [0;3) 0<2x+1<3 |3 =S*¥<1
2 < 2 S S
2x“ + x € (—o0; 1] 2x“+x <1 1

Vay f71(4) = [-1/2;1/2]

’ ?
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Cac vi du:

Vidu 4: Choanhxaf: R > R?, f(x,y) = Cx+y,x + ).
Tim f~1(1;1)
Giai:
Tap nghich anh
f (1) ={(x,y) €ER*|2x + y,x + y) = (1,1)}

2x+y=1 x=0€R 1a AN

Vay f~1(1;1) = {(0; 1)}

’ ?
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Cac vi du:

Vidu5:Choanhxaf:R - R f(x) = (x + 4,x — 2).
Tim £~ 1(4) v6i A = {(x,y) € R?|x? + y? < 26}

Giai:

Tap nghich anh

f7HA) ={x €R| f(x) € A} = {x € R|(x + 4)* + (x — 2)*< 26}
Ta co:

(x+4)2+(x—2)<2692x>+4x+20<26 ©-3<x<1
Vay f71(A) = [-3;1]

’ ?
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Mt so dé thi gan day:

1. (Peé giira ky 20193) Cho f: C - C xac dinh bdi f(z) = z°. Tim

f1 ({(x/§ + i)lS}) ?

2. (Pé giira ky 20193) Choanhxa f:R = R, f(x) = x> — 3x + 4
va A = (1;2],tim £(4), f~1(4)?

3. (Peé giira ky 20181) Cho 4nhxa f: C = C, f(z) = z° + /3. Tim
f=HA{D.

4. (Peé cudi ky 20183) Cho anh xa f: R\{2} = R, f(x) =
A=[-11]. Tim f~1(4)

2x—1
xX+2

va

DAI CUTNG MON PHAI
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III. Pon anh, song anh, toan anh:

Choanhxa f:E — F

1. Don anh:

 Anh xa f duoc goi la don anh néu f(x1) = f(xy) © x; = x,
Véixy =x, €EE

-‘ Hay phuong trinh f(x) = y ¢6 t6i da mot nghiém x € E v6iVy € F

E —> F

X — V1

X, > — )2

X3 >Y3

5 V4

X

DAI CUONG MON PHA Pham Thanh Tung-3I-SEE 39



III. Pon anh, song anh, toan anh:

Choanhxa f:E — F
2. Toan anh:

 Anh xa f duoc goi & toan anh néu véi moi y € F lubn 6 toi thiéu
mot x € E théaman f(x) =y

. ‘Hay phuong trinh £(x) = y ¢6 toi thicu 1 nghiém x € E voi Vy € F1

E — F
X — V1
X, \ /A;)’z
X3
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III. Pon anh, song anh, toan anh:

Choanhxa f:E — F
3. Song anh:

« Anh xa f duoc goi 1a song anh néu n6 vira 1a toan anh vira l1a don
anh.

«|Hay phuong trinh f(x) = y c¢0 nghiém duy nhatx € E v6i Vy € F

E — F
X — V1
X, \ — Y2
Xs / — V3
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Dang bal tap 3: Phan leai anh xa

» Bai toan:
Choanhxa f:E — F
x+—y=fx)
Hoi anh xa f ¢0 la don anh, toan anh hay song anh khong?
» Phuwong phap gidi:

Gia st voi Ym € F, xét phuong trinh f(x) = m (x)
e Néu () ¢ nghiém duy nhat x € E = f la song anh.
* Néu (*) c0 toi da mot x € E = f 1a don anh.

* Néu (*) ludn c6 nghiém x € E (khdng quan tdm s6 nghiém) = f 13
toan anh.

*Ngoai ra véi bai tap kiém tra tinh don anh co thé st dung dinh nghia
Néu f 1a don anh thi f(x;) = f(xy) © x; = x, v6i Vxy,x, EE

’ ?
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Cac vi du:

Vi dy 1: Cho anh xa f: R\{1} - R, f (x) = == ¢6 la don 4nh khong?
Co la toan anh khong? C6 la song anh khong?

Giai:
Giasa voiVm € R, xét f(x) = m
X+ 2
=m (*)
x—1

Voix e R\{1}, x) ex+2=m.(x—1)
Sx(m—-1)=2+m

TH1: m =1 € R, (x) tr& thanh 0x = 2 = (*) v0 nghiém.

TH2: m € R\{1}, (x) & x = == € R\{1}

m-—1

= f(x) = m c0 t6i da mot nghiém € R\{1}
Vay f(x) la don anh, khéng la toan anh, khéng la song anh.

IS 4
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Cac vi du:

Vi du 1: Cho anh xa f: R\{1} > R, f (x) = == c6 la don 4nh khong?
Co la toan anh khong? C6 la song anh khong?

Giai: Cach 2:

1. Kiém tra tinh don anh:

Gia st voi x4, x, € R\{1}, Xét f(x;) = f(x,)

Ta co: , ,
X1 + Xy +
= e =
fx1) = fxz2) =1 %, —1

& (x;+2)(x, —1) =(x, +2)(x; — 1)
(:)xlxz—x1+2xx—2=X1x2—x2+2x1—2
@x]_:xz

Vay f la don anh.

IS 4
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Cac vi du:

Vi dy 1: Cho anh xa f: R\{1} - R, f (x) = == ¢6 la don 4nh khong?
Co la toan anh khong? C6 la song anh khong?

Giai: Cach 2:

2. Kiém tra tinh toan anh anh:

Giasa voiVm € R, xét f(x) = m
X+ 2

VoixeR\{1}, x) ex+2=m.(x—1)
ex(m—-1)=24+m

Voim =1 € R, (x) tro thanh 0x = 2 = (*) v0 nghiém.

Vay f khong la toan anh.

’ ?
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Cac vi du:

Vidu 2: Choanhxa f:[1; +) - (—; 5], f(x) = —x? + 2x + 3.
Hoi f co la la toan anh khong, co la don anh khéng?

Gidi:

Gia str v&i Vm € (—o0; 5], xét f(x) = m vdi x € [1; +0)

Khao sat ham s6 f(x) = —x? + 2x + 3 trén [1; +o0)
ffx)==-2x+2.f'x) =0 x=1

X +00 1 + 00
100 + 0 -
f(x) . y =m € (4;5]
/ &/ =mE (—OO; 4]

Voim € (—o0; 4] = f(x) = m cO mot nghiém x € [1; +0)

a?m € (4;5] = f(x) = m khéng c6 nghiém x € [1; +0)
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Cac vi du:

Vidu 2: Choanhxa f:[1; +) - (—; 5], f(x) = —x? + 2x + 3.
Hoi f co la la toan anh khong, co la don anh khéng?

Giai: (Tiép)

Vay f(x) = m ¢ toi da mot nghiém x € [1; +00)vdi Ym € (—o0; 5]
= f la don anh.

Do f(x) = m khéng c6 nghiém x € [1; +0)vdi m € (4; 5]

= f khong la toan anh.

’ ?
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Cac vi du:

Vidu 3: Choanhxa: f: R > C,f(x,y) = (x —y) + (x + y)i. Hdi
f c6 la song anh khong?

Giai:
GiaseVm = (a+ bi) € C,a,b €ER
Xét f(x,y) =a+bi<:>(x—y)+§)c+y)i=a+bi

a b
@{x—y:a®{x_y=ac><X—E+EER
x+y=> 2x=a+b —a b
ky_ > +ZER
. 7 . X b —a b
=>f(x,y)=a+blCOngh1¢mduynhat(x,y)—( +2; 7+E)E

RZ
Vay f la song anh.

’ ?
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Vidu 4. Xét sy don anh, toan anh, song anh cua anh xa
T T
f: IO;EI X [O;Z] - [0; 2] % [\/E, 2]
Voi f(x,y) = (2sinx,2cosy)
Gidi:
Gia sa V(m,n) € |0; 2] [\/_ 2]

Xét f(x,y) = (m,n) & {

2sinx =m
2C0Sy =n

’ ?
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Cac vi du:

Vidu 4. Xét sy don anh, toan anh, song anh cua anh xa
T T
f: [O;El X IO;Z] - [0; 2] X [\/E, 2]
Voi f(x,y) = (2sinx,2cosy)
Giai: (Tiép)
Xétg(x) =2sinx =mvoix € [0;r/2] vam € |0; 2]

X 0 /2
g'(x) +
g(x) 2
/46 [0; 2]
0

Véim € [0; 2] thi g(x) = m c6 nghiém duy nhat x € [0; /2].

’ ?
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Cac vi du:

Vidu 4. Xét sy don anh, toan anh, song anh cua anh xa

f [o;%] X [o;ﬂ - [0;2] x [V2; 2]
Voi f(x,y) = (2sinx,2cosy)

Giai: (Tiép)

Xéth(y) =2cosy=nvoiy € [0;n/4]van € [\/i; 2]

\.\ne

y 0 /4
h'(y) -
h(y) 2

[V2; 2]
V2

Véin € [0; 2] thi h(y) = n c¢6 nghiém duy nhat y € [0; r/4].

’ ?
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Cac vi du:

Vidu 4. Xét sy don anh, toan anh, song anh cua anh xa

f [0;%] X [o;ﬂ - [0;2] x [V2; 2]

Voi f(x,y) = (2sinx,2cosy)
Giai: (Tiép)

) {2 sinx =
&

"|2cosy =

72 ludn c6 nghiém duy nhat (x,y) € [O; %] X [O; ﬂ

véim € [0;2],n € [V2; 2]
Vay f la song anh.

’ ?
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Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai:
Gia st m € [3; 6], dé f 1a song anh
& f(x) = m c6 nghiém duy nhat x € [—1; 5]

Ham so f (x) = ax + b la ham bac nhat nén chi c6 thé dong bién hoic
nghich bién trén toan bo tap R
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Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai: (Tiép)
TH1: f(x) = ax + b 1a ham dong bién

f'(x)
f(x)

e
% E
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Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai: (Tiép)
TH1: f(x) = ax + b 1a ham dong bién

f(x)
f(x)

=
I
8
I
p—
- === =Fu
+
8

e
% E
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Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai: (Tiép)
TH1: f(x) = ax + b 1a ham dong bién

X —00 —1 I5 + oo
f'(x) | + : |
f(x) ! : i

: 6
! y=m
i
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Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai: (Tiép)
TH1: f(x) = ax + b 1a ham dong bién

X —00 — ? + oo
f'(x) + :
f(x) : +00

R I . A
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Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai: (Tiép)
TH1: f(x) = ax + b 1a ham dong bién

i

f'@) | +
f@) :
1
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Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai: (Tiép)
TH1: f(x) = ax + b 1a ham dong bién

1

f'(x) : +
f(x) |
|
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Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai: (Tiép)
TH1: f(x) = ax + b 1a ham dong bién

x 1) (5)
f'e) ~N

f(x)

(
f(1D)=3 \|\-a+b=3__ [a=1/2
71 ) =6 ‘:’{5a+b=6‘:’{b=7/2

Pham Thanh Tung-3I-SEE 60



Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai: (Tiép)
TH2: f(x) = ax + b 1a ham nghich bién

() ()

F'00) - T

f(x) e

(
f1D=6 \-a+b=6_ |a=-1/2
) £(5) =3 ‘:’{5a+b=3‘:’{b=11/2
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Cac vi du:

Vidu 5: Choanhxa f: [—1; 5] — [3; 6] xac dinh boi f(x) = ax + b.
Xac dinh a, b dé f la 1 song anh.

Giai: (Tiép)
Vay (a,b) = (1/2;7/2) hoac (a,b) = (—1/2;11/2) théa man yéu
cau dé bai.
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Cac vi du:

Vidu 6: Chodnhxa f:R?> > R?, f(x,y) = (x* —y,x +y).Anhxa f
co la don anh, toan anh khong? Vi sao?

Giai:

Cach 1:

Gia stt v6i Vm = (a,b) € R?, xét f(x,y) = m

2 _ . 2 _
o X —y=a_ )x y=a (1)
x+y=>, y=b—x(2)

Thé (2) vao (1), tadugc: x2 +x — (a+ b) = 0 ()
A=1—4(—a—b)=1+4a+4b

’ ?
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Cac vi du:

Vidu 6: Chodnhxa f:R?> > R?, f(x,y) = (x* —y,x +y).Anhxa f
co la don anh, toan anh khong? Vi sao?

Giai: (Tiép) |Cach 1:

—1-4b
THl:{a_ 4 =>A=O:"x=_71€R,y=b+%ER
b €E€R
. . ~1 1 ,
=>f(x,y)=mCOngh1¢m(x,y)=(7,b+E)ER
—1—4b —1—-4b
TH2:1%” "% = A>0 TH3:{% S = A< 0
beER DER
~1+./1+4(a +b) = (*) VO nghiém
=X = > ER = f(x,y) = m v0 nghiém
—1+1+4(a+b
>y=>b-— £y > ( )ER

’ ?
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Cac vi du:

Vidu 6: Chodnhxa f:R?> > R?, f(x,y) = (x* —y,x +y).Anhxa f
co la don anh, toan anh khong? Vi sao?

Giai: (Tiép)

Cach 1:

Véivm = (a, b) € R? thi f(x,y) = m c0t6i da 2 nghiém (x,y) € R?
= f khong la don anh
—1—4b

V6il% < T2 thi f(x,y) = m v0 nghiém
b €R

= f khong la toan anh

IS 4
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Cac vi du:

Vidu 6: Choédnhxa f:R?> -» R?, f(x,y) = (x> —y,x + y).Anhxa f
cé la don anh, toan anh khong? Vi sao?

Giai: (Tiép) | Cach 2:

1. Kiém tra tinh don anh: véi (x4, 1), (x,,v,) € R?

X1 +tY1 =Xt

{x12 —xz2 = Y1~ Y2
X1 — X2 =)Y2—WM1

, X% — Y = x,° —
Xetf(leyl):f(xZJyZ)ﬁ{ ! V1 2 y2®

Y2
= — X1+ x3) =—(y2 —
X1 — X3 =Yy — V1 (}’2 3’1)( 1 2) (J’Z }’1)

=>x1 +x, =—1

o {(x1 —x2) (X1 +x3) =y1 —

B X1 +x, =—1 A1 .
f(x1;3’1) — f(XZJyZ) A {xl +Y1 = x, +}’2 = f khong Ia’ don anh

G?
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Cac vi du:

Vidu6: Choanhxa f:R?> > R? f(x,y) = (x> —y,x +y).Anhxa f
cé la don anh, toan anh khong? Vi sao?

Giai: (Tiép) [cach 2-

2. Kiém tra tinh toan anh:
Gia st vé6iVm = (a,b) € R, xét f(x,y) = m

2 _ A — 2 ., —
o xtmy=a _Jx*-y=a(l)
xX+y=b>b y=>b—x(2)

Thé (2) vao (1), ta duogc: x2 + x — (a + b) = 0 (¥)
A=1—-4(—a—b)=14+4a+ 4b

—1—4b
{a ST sA<0> (*) vO nghiém = f(x,y) = m vb nghiém
b€ER
@? = f khong la toan anh.
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Vi du 7: (Pé cuéi ky 20201) Cho anh xa f: R - R, f(x) = x3 + 3x% —
mx + 1,m € R. Tim di¢u kién cua m d¢ f la don anh

Giai:

Gia st voiVa € R, xét f(x) = a
Sx3+3x2—mx+1=a(x)

Pé f 1a mot don anh & () c6 toi da mot nghiém x € R véi Va € R

R
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Cac vi du:

Vi du 7: (Pé cuéi ky 20201) Cho anh xa f: R - R, f(x) = x3 + 3x% —
mx + 1,m € R. Tim di¢u kién cua m d¢ f la don anh

Gisi: - ” o
f'(x) + 0 +
f(x) +00
//y 5
—O00

0 +
Y1 /'+Oo
\‘\ _ 4
/ Y2 Y
—00

f'@) + 0 -
Q [~
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Cac vi du:

Vi du 7: (Pé cuéi ky 20201) Cho anh xa f: R - R, f(x) = x3 + 3x% —
mx + 1,m € R. Tim diéu kién cia m d¢ f la don anh

Giai: (Tiép)

Pé f 1a mot don anh < (*) ¢6 t6i da mot nghiém x € R véi Va € R

& f(x)dongbién e f'(x) >0 3x2+6x—m >0

& m < 3x%+ 6x = g(x)

X —00 —1 + 00
g (x) — 0 +
glx) |t +00

“?‘ m < —3
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Cac vi du:

Vidu8:Choanhxa f:R®> > R?, f(x,y,2) = 2x—y+z,x—2z,x+
my). Timm dé f la toan anh.

Giai:

2x —y+z=a
Giast V(a,b,c) € R3,xét f(x,v,z) = (a,b,¢c) © x—z=b (¥
X+my=c
Pé f latoan anh & f(x,y,z) = (a, b, ¢) c6 nghiém véi ¥(a, b, c) € R3
& Hé (*) cO nghiém

(Zx—y+z=a(1)
(x)=<{ z=x-—b(2) .Thé(2)vao (1) tadu:qc{
x+my=c(3)

3x—y=a+b
X+my=c

\

IS 4
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Cac vi du:

Vidu8:Choanhxa f:R®> > R?, f(x,y,2) = 2x—y+z,x—2z,x+
my). Timm dé f la toan anh.

Giai:
X=c—my ((—1—-3m)y =a+b — 3c (x*)
— < a+b+y

. * T 3

TH1:m=_?1=>Oy=a+b—30

Véi{a+b—36¢0

abceR = (**) vO nghiém

= Hé (*) vO nghiém = Loai

IS 4

DAI CUONG MON PHA Pham Thanh Tung-3I-SEE 72




Cac vi du:

Vidu8:Choanhxa f:R®> > R?, f(x,y,2) = 2x—y+z,x—2z,x+
my). Timm dé f la toan anh.

Giai;
TH2:
( a+b—3c
( _a+b—3C x=—1—3mER
1 Y =T 3m a+b—3c
m¢_§:< 1 a+b—3c = y:_l_ngR
x==la+b+
3 —1—-—3m a+b—3c
\ zZ = —b€ER
\ —1—3m

= Hé (%) c6 nghiém (x,y,z) € R3 vé6iV(a, b,c) € R

IS 4
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Mt so dé thi gan day

1. (Peé giira ky 20193) Cho anh xa
fiR> >R f(x,y) = (x +y% —x + y3)
Anh xa trén cé phai don anh, toan anh khéng? Vi sao?
2. (Pé cudi ky 20191) Cho anh xa
iR > C,f(x,y) = (x3+2y?) + (Bx3 + 7y)i
cé toan anh khong? Vi sao?
3. (Pé giira ky 20201) Cho anh xa f: R® — R3 xac dinh boi
fx,y,z) =(x+y—2z2x —y;x —my + z), m la tham sb

Tim m dé f 1a song anh.
4. (Dé cudi ky 20191) Véi a > 0, ky hidu C_g o1 = {f (x)] £ (x) lién
tuc trén [—a, al}. Anh xa @: C[_qq = R, ®(f) = [ f(x)dx c6 I
don anh khong? Vi sao?
o

S 4
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Dang bai tap 4: Tim tip nguon/tap dich théa man yéu cau

> Bal toan:
Cho anhxa: f:E - F
xy=f(x)
Dé bai cho biét cu thé ham so y = f(x) va mét trong hai tap E hoic F

— Y@u cau tim tap con lai dé anh xa thoa man diéu kién 12 song anh,
toan anh hoac don anh.

R
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Dang bai tap 4: Tim tip nguon/tap dich théa man yéu cau

» Phwong phap gidi:

Chu yéu khao sat ham so, 1ap bang bién thién dé quan sat
— Chon mién phl hop véi yéu cau

Giasae Vm € F, xét f(x) = m (x)

* f lasong énh = Dua vao bang bien thién ham so y = f(x) dé bién
luan mién E hoic F phu hop dé (*) ¢ nghiém duy nhat x € E

* f latoan anh = Duya vao bang blen thién ham s6 y = f(x) dé bién
luan mién E hodc F phl hop dé (*) ludn cé nghlem x EE

* f ladon anh = Dya vao bang blen thién ham s0 y = f(x) dé bién
luan mién E hoic F phu hop dé () c6 toi da mot nghiém x € E

’ ?
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Cac vi du:

Vidu 1: Cho dnh xa f:[m; 2] = R, f(x) = x*> — 3x* — 9x + 1. Tim
m de f la don anh.

Giai:

Gia su: Va € R, dé f l1a don 4nh & f(x) = a c6 t6i da mot nghiém
x € [m; 2]

Khéo sat ham f(x) = x3 — 3x? —9x + 1

Tacd f'(0) =322 —6x =9 = (1) =0 & ¥~

’ ?
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Cac vi du:

Vidu 1: Cho dnh xa f:[m; 2] = R, f(x) = x*> — 3x* — 9x + 1. Tim
m de f la don anh.

Giai: (Tiép)

N
f'(x) + 0 1 -
765 |

|

— 00

ay Véim € [—1;2) thi f(x) = a co tdi da 1 nghiém x € [m; 2]

Pham Thanh Tung-3I-SEE 78



Cac vi du:

Vidu 1: Cho dnh xa f:[m; 2] = R, f(x) = x*> — 3x* — 9x + 1. Tim
m de f la don anh.

Giai: (Tiép)

X —00 hn —1 % 3 +00
f'(x) +- 0 — 1 0 +
f(x)

— 00

ay Véim < —1thi f(x) = a c0t6i da 2 nghiém x € [m; 2]
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Cac vi du:

Vidu 1: Cho dnh xa f:[m; 2] = R, f(x) = x*> — 3x* — 9x + 1. Tim
m de f la don anh.

Giai: (Tiép)
Vay m € [1;2) thda man yéu cau dé bai.
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Cac vi du:

Vi du 2: Xéac dinh tap A € R? dé anh xa

f:A—-[—1;1] X (0; +); f(x,y) = (sinx,e”) la song anh.
Gidi:

PitA = A; X A, (4;,A, C R)

Gia st (m,n) € [—1;1] x (0; +o0),dé f la song anh

S flx,y) = (mn) © {51:yx_=nm c6 nghiém duy nhat (x, y) € 4

- sinx = m c6 nghiém duy nhatx € A; véim € [—1; 1]
eY = n c6é nghiém duy nhaty € 4, véin € (0; +0)

IS 4
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Cac vi du:

Vi du 2: X&c dinh tap A c R? dé anh xa

f:A—-[—1;1] X (0; +); f(x,y) = (sinx,e”) la song anh.
Giai: (Tiép)

Xétsinx =mvoim e [—1;1]

bat g(x) =sinx = g'(x) = cosx
Khao sat ham g(x) trong khoang [0; 2]
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Cac vi du:

Vi du 2: X&c dinh tap A c R? dé anh xa
f:A—-[—1;1] X (0; +); f(x,y) = (sinx,e”) la song anh.
Giai: (Tiép)

X 0 /2 3m/2 2T
g'(x) + 0 — 0 +
g(x) 1
-1

G?
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Cac vi du:

Vi du 2: X&c dinh tap A c R? dé anh xa
f:A—-[—1;1] X (0; +); f(x,y) = (sinx,e”) la song anh.

Giai: (Tiép) A, Q

X 0 [ /2 3m/2] 21
g'(x) + 0 - 0 +
g(x) 1 -
07‘/ \\ / 0
~1

Véim € [—1; 1], g(x) = sinx c6 nghiém duy nhat x € [r/2; 31/2]
Chon A; = |m/2; 31 /3]

’ ?
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Cac vi du:

Vi du 2: X&c dinh tap A c R? dé anh xa
f:A—-[—1;1] X (0; +); f(x,y) = (sinx,e”) la song anh.

Giii: (Tiép) Ay X

X 0 a /2 3m/2 b 21
g'(x) : + 0 — 0 + :
g(x) I 1 ly=m
7Q.\ ]
- /0
1 y=m
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Cac vi du:

Vi du 2: X&c dinh tap A c R? dé anh xa
f:A—-[—1;1] X (0; +); f(x,y) = (sinx,e”) la song anh.

Giai: (Tiép) A X
—t—

X 0 n/2 a b 3m/2 21
g9'(x) + 0 ,— ;0 4+
g(x) 1.1 1 y=m
| |
0 | /0
-1
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Cac vi du:

Vi du 2: X&c dinh tap A c R? dé anh xa

f:A—-[—1;1] X (0; +); f(x,y) = (sinx,e”) la song anh.
Giai: (Tiép)

Xétsinx =mvoim e [—1;1]

bath(y) =eY = h'(y) =¢€Y

Khao sat ham h(y) trong khoang trén tap R.
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Cac vi du:

Vi du 2: X&c dinh tap A c R? dé anh xa
f:A—-[—1;1] X (0; +); f(x,y) = (sinx,e”) la song anh.
Giai: (Tiép)

y —00 + oo
h'(y) +

h(y) +00
0 // y=m

Véin € (0; +00), h(y) = e¥ ¢ nghiém duy nhaty € R
Chon 4, =R
Vay A = [rt/2; 3m/2] x R thoa man yéu cau dé bai.

IS 4
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Mt so dé thi gan day:

1. (Peé giira ky 20191) Tim s6 nguyén m 1én nhat sao cho anh xa
f:Im,2] - [0,4], f(x) = x? la mot toan anh nhung khong phai
don anh.

2. (Pé cudi ky 20191-CTTT) Cho f(x) = x®> + x + 1. Tim a sao
cho f: R — |a; +o0) la toan anh.

3. (Pé giira ky 20151) Tim A c R? dé 4nh xa:

f: [0 ] 10,t] - A, f(x,y) = (sinx + cosx,2 cosy)

la mot song anh.

IS 4
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Dang bai tip 5: Anh xa nguorc

e

» Bai toan:
Choanhxa f:E - F

x =y =f(x)
Hoi f ¢6 anh xa nguoc khong ? Tim anh xa nguoc @6 (f~1)?
» Phuwong phap gidi:
 f c6 anh xa nguoc < f la song anh.
* Anhxanguoc: f~1: F>E

yox=f"()

* Van dung kién thirc ching minh song anh, tim ham s6 nguoc.

X
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Cac vi du:

Vidu 1: Cho anh xa f: (1; +0) - (2; +0), f(x) = x*? — 2x + 3.
Hoi f c6 anh xa nguoc khéng? Néu ¢, tim anh xa nguoc do.

Gidai.

Gia st voi Vm € (2; +0), Xét f(x) =m © x% — 2x + 3 = m (x)
Khao sat f(x) voi x € (1; +o0)

X —00 1 400
f'(x) — 0 +
flx) | +oo +00

\2/"/ y=m

VéiVm € (2; +), f(x) = m c6 nghiém duy nhat x € (1; +o0)
= f la song &nh = C6 ton tai 4nh xa nguoc.

IS 4
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Cac vi du:

Vidu 1: Cho anh xa f: (1; +0) - (2; +0), f(x) = x? — 2x + 3.
Hoi f c6 anh xa nguoc khéng? Néu ¢, tim anh xa nguoc do.
Giai: (Tiép)

Voix € (1;+),y € (2; +0) xét:
y=x?—-2x+3©x*-2x+3—-y=0
A=1-B-y)=y—2

Véiy € (2;40) = A'> 0=

Vay fL: (2; +00) - (1; +0)

. y—=x=fT1) =1+,y-2
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Mt so dé thi gan day:

(Pé giira ky 20202) Cho anh xa f: R? = R?, f(x,y) = (x3,x% + y).
Chimg minh f la mot song anh va tim anh xa nguoc cua f.
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1. Anh xa tich:

Choanhxa: f:E > F va g: F->H
x -y =f(x) x =y =g(x)
Khi d6 anh xa tich f o g dugc xac dinh nhu sau :
fog: E—>H

x~y=f(glx)
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Cac vi du:

Vidu: Chodnhxa:f:R—> R g: F->H
xy=f(x)=x*+x
g:R - R
x—y=g(x)=2x
Timfog?
Giai:
feog: R->R

xy=f(gx))=4x% + 2x
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V. Anh xa tich

Cac dang bai tap cua anh xa tich tuong dong voi cac dang bal tap cua
anh xa thong thuong, chi khac ¢ budc dau tién tir cac anh xa dé bai
cho chdng ta tim ra anh xa tich, sau d6 cac budc lam bai twong tur cac
dang bai da trinh bay trong nhiing slide trudec.

’ ?
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V. Anh xa tich

Vi du: (Pé giira ky 20201) Cho anh xa f: R = R, f(x) = x? — 4x.
Xac dinh (f o f)(x) vatinh (f o /)~ ({0})

Giai:

fof:R—-R
x = (fo fHx) = (x* — 4x)? — 4(x* — 4x)
(f o £)71{0}) = {x € R|(f o f)(x) = 0}
= {x € R|(x? — 4x)? — 4(x? — 4x)}

(x2—4x)2 —4(x2—4x) =0 |* —Ax =4 x =4

Vay (f o )71 ({0}) = {0;4; 2 + 2v2}

IS 4
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Téng két:

Cac dang bai chinh can nam viing:

» Dang 1. Tim tap anh.

» Dang 2: Tim tap nghich anh.

» Dang 3: Phan loai anh xa (bon anh, song anh, toan anh).

> Dang 4: Tim tap nguon/Tap dich théa man anh xa la don anh, song
anh hoac toan anh.

> Dagng 5: Anh xa nguoc.
> Dang 6: Anh xa tich.

R

DAI CUONG MON PHA Pham Thanh Tung-3I-SEE 98



Have a good understanding!
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